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Abstract
We construct a conformal supergravity using the AdS/CFT correspondence. We
derive the ve dimensional conformal supergravity which plays the role of sources
for the operators in ve dimensional SCFT.
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1. Introduction
The main usage of the AdS/CFT conjecture has been concentrated on the study of
the strong coupling limit of conformal eld theories on the boundary [1], [2], [3], [4],
because there is a one-to-one correspondence between the AdS supergravity elds in
the bulk and the operators which belong to the representation of the superconformal
group on the boundary.
Our studies, however, are focused on the local symmetries, since the local sym-
metries in the bulk become those on the boundary by applying a certain gauge
xing to the AdS supergravity elds. We can obtain multiplets of the conformal
supergravity (CSG) on the boundary [5], [6], [7], by taking the near boundary limit,
from those of the AdS supergravity in the bulk. These CSG elds play roles as
sources to the corresponding operators of a certain SCFT. Bulk local symmetries
have some relations to the boundary global symmetries for the SCFT, though they
are not related directly. For example, in the case of three dimensional bulk, we can
reproduce the central charge of two dimensional CFT, which is the coecient of the
CSG local anomalies from the AdS supergravity Lagrangian [8].
Let us summarize the general results briefly. Consider a (p+2)-dimensional AdS
supergravity, and denote r as the direction which is normal to the boundary. It
has local symmetries under the general coordiante transformation, the local Lorentz
transformation, the supersymmetry transformation, and the gauge transformation
if the theory is gauged. Here we emphasize that there is neither Weyl nor super
Weyl transformations in the bulk.
These symmetries are induced on the boundary from the general coordinate
transformation in the r-direction and supersymmetry transformation, respectively,
and they form the superconformal transformations. Together with other local sym-
metries such as p+ 1-dimensional general coordinate transformations, they become
local symmetries of the CSG.
Here, the important point is the choice of gauge xing condition for the eld
equations in the bulk. Our method is independent of the dimension of the AdS
space and the type of the supergravity. The information from the dimension gives
the condition on fermion elds.
In the previous papers, according to the original AdS/CFT conjecture, we treated
the type IIB string/M-theoretical cases. In this paper, we will study the six di-
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mensional massive type IIA AdS supergravity and derive the corresponding CSG
explicitly from it.
In the analysis we have done, once we prepare a certain AdS supergravity, we
obtain the one dimensionally reduced CSG local symmetries with the same gauge
and supersymmetry corresponding to the AdS supergravity. So we expect that
the six dimensional local symmetries of the AdS supergravity become those of ve
dimensional CSG on the boundary. Unfortunately, few odd dimensional CSGs have
been known so far.
For that reason, our trial means to construct a certain type of CSG from the
AdS supergravity. Also our challenge may seem to be brave, because we have a
remarkable dierence to overcome in the six dimensional case. We can not dene
the chirality nor impose the Weyl condition on the boundary, since it is the ve
dimenion, in contrast to the two dimensional and six dimensional cases. We will
introduce a new projective gamma matrix instead of the chirality and get over the
dierence.
Our convention of the metric is AB = diag(−1; 1;    ; 1), where A;B;    =
0; 1;    ; 5 are six dimensional local Lorentz indices. The 16  16 gamma matrices
ΓA are dened by
fΓA;ΓBg = 2AB; (1)
and we dene
Γ7 = Γ
0   Γ5: (2)
2. D = 6, F(4) AdS supergravity
Let us start with the relationship of the supergravity to the D-brane conguration.
Although D = 6, F(4) AdS supergravity [9] has been constructed in 1980’s, it was
taken notice into again in the D4-D8 system where its brane solution has known
to become the AdS6 metric [10]. The warped compactication of the type IIA
massive supergravity gives solution for the sphere times the six dimensional F(4)
AdS supergravity [11], [12]. On the boundary, its dual eld theory is coupled to the
ve dimensional CSG derived from it, already operators have been discussed [13].
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Let us go back to the original supergravity story. F(4) is the supergroup whose
bosonic subalgebra is SO(2,5)  SU(2). The eld contents are a six dimensional
vielvein, eM
A, three gauge vectors AIM with SU(2) gauge group, an antisymmetric
tensor eld BMN , a scalar eld , four Rarita-Schwinger elds  Mi, and four spin-
1
2
elds i. Here M;N;    = 0; 1; 2;    ; 5 denote as the world indices, I; J;    = 1; 2; 3
the vector indeces of SU(2) and i; j;    = 1; 2 the spinor SU(2), respectively. The
spinor elds satisfy the SU(2) symplectic Majorana condition.
The covariant derivative for arbitrary spinor i is dened as follows:








where g is the coupling constant, and I are the Pauli matrices. The local trans-
formations are the six dimensional general coordinate, the local Lorentz, the super
and SU(2) gauge transformations. With these local symmetries, the Lagrangian of







































































































































































































where m is the parameter, and we have introduced eMNPQRS by
eMNPQRS = ΓMNPQRSΓ7: (5)
The SU(2) vector gauge eld strength is dened by
F IMN  2@[MAIN ] + gIJKAM JAN K : (6)
The local supertransformations are up to 2-fermi terms
QeM



























































































































Here i(i = 1; 2) are the parameters of supertransfortions, which have the symplectic
Majorana condition. Thus the theory is N = (2; 2) D=6 AdS supergravity with
the gauge group SU(2) (with 16 supercharges). Note that we count the number of
supersymmetry by the number of supertransformation parameters. The commutator
of two supersymmetry transformations satises





where the parameters of the general coordinate transformation M , the local Lorentz
transformation AB and the SU(2) gauge transformation I are dened respectively
as,
M = −ii2ΓM1i;






























































To calculate the r-dependence for the elds and the transformation parameters,



















We can nd that the former is not supereymmetric whereas the latter preserves the











At rst, since this poin is the maximum of the potential, the supersymmetric vac-
uum does not seem to be stable. However, according to the extended version
of Breitenlohner-Freedman inequation stability condition [14], [15], we see that it
should be stable.
3. The Gauge Fixing Conditions and the Boundary
Behaviors for the Fields
In the following sections, we will construct the conformal supergravity from the
AdS supergravity. First, we introduce the gauge xing conditions such that the di-
rection r is normal to the boundary, and denote the rest space as ;     = 0; 1;    ; 4.
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dx ] ; (12)
g^ is the arbitrary ve dimensional metric and the cosmological constant is














5 = AIr =  ri = 0; (14)
the rest elds are arbitrary. Note that our choice is just the example succeeded to
derive. To expand around the vaccum, next we calculate the r-dependence for the
scalar eld. Dene the fluctuation ’ = − 0 so that we optain the eld equation
for ’ as follows:
r6@r(r
−4@r’) + 6’ = 0; (15)
where we omit terms which are higher order in r. Then we see that r-dependence of
’ is r2 or r3. It is enough to choose the dominant one ’  r2, since we take the near
boundary limit r ! 0. Similarly the linearized eld equation of AI gives, AI  r0.
As for BMN , consider rst the r-dependence of B
 and Br because we have
DBr in the eld equations. The eld equations are read:
3DMD[MBNP ] − 2K−2BNP = 0: (16)
Multiply DN , then we obtain
DNBNP = 0; (17)
then we substitute it back to (16), nally we get the eld equation as
fDMDM − 6K−2gBNP = 0 (18)
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Br is a higher order of B, since these terms have the same power to r. Thus, we
can treat DBr = −1r g^B+ higher order, such that we cannot neglect Br term.
The linearized eld equations B are
r2@2rB
 − 8rB + 18B = 0: (20)
Thus nally we obtain the behevior of the antisymmetric tensor as B  r−1.
In the case of fermionic elds, we introduce ~Γ  Γ5Γ7 that distinguishes 1
eigenvalues. We can also dene the projection operators P = 12(1 ~Γ). They play
a role of ‘chirality operators’ in the odd dimensional AdS supergravity. For even
dimensional AdS supergravity, we can dene the chirality, whereas we cannot in odd
dimensions. We assign the positive to the upper component  +, and the negative
to the lower component  −.
We multiply P to the eld equations of i
rΓ5@ri + rΓ@i +
5
2
Γ5i + Γ7i = 0: (21)
First, to know the main behaviors, we omit the second term which is a higher order.








i− − i− = 0: (22)
We nd that they behaves as
i+  r 32 ; i−  r 72 : (23)
Then we substitute these results into (21), we obtain two sets of solution i+ 
r
3
2 ; i−  r 52 and i+  r 92 ; i−  r 72 . We choose the dominant behavior set
i+  r 32 ; i−  r 52 (24)
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Similarly, we obtain r-dependence of the Rarita-Schwinger elds as  i−  r− 12
and  i+  r+ 12 , respectively.
4. Local symmetries on the boundary
In what follows, we use the supergravity elds whose r-dependences were obtained
explicitly in the previous section to solve r-dependences of the local transformation
























































Here the hatted elds become arbitrary functions of x independent of r on the
boundary.
We substitute (25) and the gauge xing conditions into the transformations in
six dimensions. To keep the gauge xing conditions, we need some constraints on
the parameters, whose solution represents the ‘residual symmetry’. For example,
from the transformation law for the er
5, we read
e^r
5 = r@r e^r

























































where the hatted functions mean the one of the boundary coordinate x and do not
depend on r-direction, as before.
Before substituting (25) and (28) into the local transformations of the six di-
mensional AdS supergravity (7), we can express elds which are not independent by
the rest elds. To do this, we use the equations of motion including the interaction
term but ignoring 2-fermi terms which contribute to higher fermi terms, and pull
the dominant lowest power of r out by taking the near boundary limit, and nally
express the eld in terms of independent elds. As for the fermion elds, we deal
with the elds which are higher order in r by the lower ones. Now we denote the






















As for  0i−, we use the projective operator P− onto the eld equation, then we




5 0i+ = Γ















0  0i−: (30)
Let us dene 0i−














0  0i−: (31)
Then, solving (30) we can express  0i+ only with independent elds.









For 0i+, we use the projection P+, and from the lowest order terms which are



















































































The underlined elds are expressed by (29) and (32).
Further, we decompose 16 component spinors  into two eight component, since
















Here, we have represented the gamma matrices
Γa = γa ⊗ 3
Γ5 = 1⊗ 1 (35)
Γ7 = 1⊗ (−i2):
so that ~Γ = 1⊗ 3.
We redene some of the elds to simplyfy the equations. For the antisymmetric
tensor B , to eliminate the derivative of 0i− in the supertransformation, we dene







 i0[ 0]i: (36)
We also rescale the elds as















AI0; 0i+ ! K0i+; 0i− ! K20i−; ’0 ! K2’0; (37)
such that the transformations become independent of m and g. Also let dene
0i+ = −KΓ70i−, where the 0i− is an arbitrary function of x.
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The expressions of the dependent elds become









B0r = D0 ~B0 +
1
2
e ~B0 ~B0 ;






















The underlined part in the third expression are written by the second one.






















jD0j − 3i  Ui0(I)ijD0j − 3i  iD0(I)ijD0j ;
’0 = 

0 @’0 − 20’0 +
1p
2
(−Di0 D0i + Ui0 D0i);
 ~B0 = 















 − 4]γ)D0i ~B0;











































































From these equations, we nd Ω0 is the Weyl transformation parameter, and 
D
0i
that of the super Weyl transformation. The underlined are expressed by (39). We
can count the o-shell degrees of freedom of the above elds:
d:o:f(e0
a) = 9; d:o:f(AI0) = 12; d:o:f(’0) = 1; d:o:f(
~B0) = 10;
d:o:f( D0i) = 24; d:o:f(
U
0i) = 8: (41)
We see that the bosonic degrees of freedom and the fermionic one are the same.
5. Summary and Discussions
We have constructed a certain ve-dimensional CSG. In general, the coecients
of the Weyl transformation paramater Ω0 should be the Weyl weight, so we could
predict them in the ve dimensional conformal supergravity.
A few interesting problems have remained. Although it is rather tedious work,
we can construct the CSG in the standard fashion [17], [18], [19], and compare the
result with that obtained in this paper. The construction would be very similar to
that of the six dimensional CSG [16] since the gauge group in both theories is SU(2).
Furthermore, our result would give a key to understand the eld theory of D4-D8
system [20], [10], [13]. Actually, our CSG eld contents in ve dimensions represent
the pure gravity parts of the elds in the result of D4-D8 system [13].
If we execute the same method [8] using these CSG transformations, we will get
the eta symmetry instead of the anomalies of local symmetries.
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